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ON INFINITE-DIMENSIONAL MANIFOLD TRIPLES

KATSURO SAKAI AND RAYMOND Y. WONG

ABSTRACT. Let Q denote the Hilbert cube [—1, 1]”, s = (=1, 1)® the
pseudo-interior of @, L = {(x;) € s|sup|x;| < 1} and ¢ = {(x;) € s|x; =0
except for finitely many i} . Atriple (X, M, N) of separable metrizable spaces
iscalleda (Q, X, g)- (or (s, X, g)-)manifold triple if it is locally homeomor-
phicto (Q, X, g) (or (s, X, ¢)). In this paper, we study such manifold triples
and give some characterizations.

0. INTRODUCTION

Throughout this paper, spaces are separable and metrizable. A manifold mod-
eled on a given space E is called an E-manifold. For a given pair (E, F) (or
triple (E, F, G)) of spaces, an (E, f)-manifold pair (or (E, F, G)-manifold
triple) is a pair (X, M) (or triple (X, M, N)) of spaces such that there is an
open cover Z of X and open embeddings ¢,: U — E, U € Z, such that
¢y(MNU)=Fn¢,U) (and respectively ¢, (NNU)=GnN¢,(U)). Let Q
denote the Hilbert cube [-1, 1]”, s = (-1, 1)” (the pseudo-interior of Q),
2={(x;) €s|sup|x,| < 1} = U:‘;l[—l+n_l ,1-n"'1“ and 0 = {(x,)€slx; =0
except for finitely many i} . In this paper we study (Q, X, o)- (or (s, X, 0)-)
manifold triples.

A closed subset 4 of a space X is called a Z-set in X if for each map
S0 — X and each ¢ >0, thereisamap g: Q — X \ 4 with D(f, g)<e.
A subset M of X is called a cap (or f.d. cap) set for X if M = Unen M, »
where M, C M, C --- is a tower of (resp. finite-dimensional) compact Z-sets
in X satisfying the following conditions:

(%) For each ( finite-dimensional) compact set A in X, each ¢ > 0 and
each m € N, there is an integer n > m and an embedding h: A — M, such
that h|ANM, =id and d(h,id) <e,
where d is a metric for X [An, and Ch,]. We call M a strong (f.d.) cap set
for X if in the above definition M = |,y M, satisfies the following stronger
condition:

Received by the editors June 10, 1988.

1980 Mathematics Subject Classification (1985 Revision). Primary 57N20.

Key words and phrases. (Q, X, o)-manifold triple, (s, X, )-manifold triple, (f.d.) cap pair,
cap manifold pair.

This work was done while the first author was visiting the University of California at Santa
Barbara.

© 1990 American Mathematical Society
0002-9947/90 $1.00 + $.25 per page

545



546 KATSURO SAKAI AND R. Y. WONG

(x) For each ( finite-dimensional) compact Z-set A in X, each open cover
% of X andeach m € N, thereisan n > m and a homeomorphism h: X — X
such that h\|M, =id, h(A) c M, and h is %Z-close to id.

A strong (f.d.) cap set is called a Z'-skeletoid (or & Z -skeletoid) in [BP|],
where Z (or & Z) is the collection of (finite-dimensional) compact Z-sets in
X . In case X is complete-metrizable, strong (f.d.) cap sets are topologically
unique, that is, if M and N are strong cap sets (or strong f.d. cap sets) for
X then there is a homeomorphism /4: X — X such that A(M) = N ([BP,,
Chaper IV, Theorem 2.1]). In case X is a Q- (or s-)manifold, (f.d.) cap sets
for X are strong (f.d.) cap sets [BP,, Chapter IV, Proposition 4.1]. Note that
Y isacap set and ¢ is an f.d. cap set for both Q and s. A pair (X, M) isa
(Q, X)- (or (s, X)-)manifold pair if and only if X isa Q- (or s-)manifold and
M is acap set for X. A pair (X, N) isa (Q, o)- (or s, ¢)-)manifold pair if
and only if X isa Q- (or s-)manifold and N is an f.d. cap set for X [Ch,].

It is well known that s is homeomorphic to (=) the separable Hilbert space
l, [An,]. Let 12Q be the linear span of the Hilbert cube I'[,EN[—I'_I ,i7" in
1,, ie, IZQ = {(x,;) € | sup|ix,| < oo}, and 1,2/ the linear span of the usual
orthonormal basis, i.e., l'zf = {(x,) € | x;, = 0 except for finitely many i}.
Then 12Q is a cap set and l'zf is an f.d. cap set for /, ; hence (/,, 12Q) = (s, X)and
(L, Iy = (s, o). Ttis not clear whether (/,, /2, 1)) = (s, X, o), or whether
any one of the following triples homeomorphic to (Q, X, o) or (s, X, 0):

(Q.0\s.Q,\s), (@.%.0), (s.%.0), (I, I°\I",I}),

where Q= {(x;) € Q| x; = 0 except for finitely many i}, = {(x;) €sllx,] <

1 except for finitely many i}, I =[0, 1], I = (0, 1) and I = INQ, . In gen-
eral, we can ask whether (X, M, N) isa (Q, X, o)- (or (s, X, 0)-)manifold
triple when X is a Q- (or s-)manifold, M is a cap set and N is an f.d. cap
set for X such that N c M . This question relates to a conjecture on function
spaces as follows: The triple

(C(X,Y), LIP(X,Y), PL(X,Y))

isan (s, X, o)-manifold triple if X and Y are polyhedra in R", X is compact,
dim X # 0 and Y has no isolated point (or Y is openin R" ), where C(X, Y)
is the space of maps from X to Y, LIP(X,Y) the subspace of C(X,Y)
consisting of all Lipschitz maps and PL(X, Y) the subspace of C(X, Y) con-
sisting of all piecewise linear maps (cf. [Ge], [Sa;], [SW]).

In §2, we give a characterization of (Q, X, 0)- (or (s, Z, ¢))-manifold triples.
Using this characterization, we can easily show, among other results, that
4y, le, l*zf) = (s,Z,0), (Q,Q\s,0,\9) =(Q, X,s), etc. This section
contains our principal results on manifold triples.

In §3, we establish a relationship between (X, o)-manifold pairs and X X s-
manifolds. In fact, we show that £\ g = X x s; for any (X, ¢)-manifold pair
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(M, N), M\ N isa Zxs-manifold and each X x s-manifold is homeomorphic
to M\ N forsome (X, g)-manifold pair (M, N). Using the fact £\o = X xs,
we can easily construct a cap set M and an f.d. cap set N for both Q and s
sothat NCc M but (Q,M,N)#2(Q,Z,0) and (s, M, N)#(s,Z,0).

Example. Let N = {(x,) €s|x;, = % except for finitely many i} and M =

T'UN. Then N is clearly an f.d. cap set for both Q and s and M is a cap set
for both Q and s ([Ch,, Theorem 6.6]). Hence M\N = T EIxs=I\o
since ¥ x s is not g-compact. Therefore (M, N) ¥ (X, g), which implies
(O, M,N)#(Q,%2,0) and (s, M, N)#¥ (s, X, 7).

Applying the result of §2, we give in §3 a characterization of (X, g)-manifold
pairs and show that (X, M, N) isa (Q, X, g)- (or (s, Z, g)-)manifold triple
if and only if (X, M) isa (Q, X)- (or (s, Z)-)manifold pair (or (X, N) is a
(@, ag)- (or (s, g) -ymanifold pair) and (M, N) isa (X, o)-manifold pair.

Notations and terminology. A metric for a space X isdenotedby d. for A Cc X
and x € X ,let d(x, A) = inf{d(x, a)la€ A}. Formaps f,g:Y — X, let
d(f, g) = sup{d(f(¥), g(¥))|y € Y}. For A C X and a collection & of
subsets of X, let st(4, #) = | {BeF|ANB # 0}. Let &/ and Z be
collections of subsets of X . Define st(&/ , #) = {st(4, B)|A€ & }. For ne€
N, let st"(F) = st(st”"(%’),%’) , Where stO(Q) =% . We denote & < F
if each 4 € & is contained is some B € % . Maps f, g: Y — X are said
to be F-close if {{f(y), gy)}|ly € Y} < F. A homotopy h: Y xI - X
is called a Z-homotopy if {{h({y} x )} |y € Y} < % . Then we say that

Z
hy=h|Y x {0} is FB-homotopic to h, =h|Y x {1} and denote h, ~ h,.
Let Z be an open cover of X. Amap f:Y — X is called a Z-homotopy

equivalence if there isamap g: X — Y called a Z-homotopy inverse of f such

s
that fg i id, and gf =~ ) id, . A fine homotopy equivalence f:Y — X isa
% -homotopy equivalence for any open cover Z of X . Let 4 be a closed set
in X. An open cover 77 of X \ A4 is said to be normal relative to A provided
any homeomorphism 4: X\ 4 — X\ 4 of X\ A4 onto itself which is Z -close
to id can be extended to a homeomorphism 4: X — X of X onto itself by
h|4A=id.

1. PAIR VERSIONS OF (F.D.) CAP SETS

Let X be aspace and y C X . A strong (f.d.) cap set M for X is called a
strong (fd.) cap set for (X,Y) if h in (x)  above satisfies A(Y) =Y. Let
H(X) be the group of homeomorphisms of X onto itself and H(X, Y) the
subgroup of H(X) consisting of all /€ H(X) satisfying h(Y) =Y. A strong
(f.d.) cap set for (X, Y) is called an H(X, Y)- Z-skeletoid (or H(X, Y)-
skeletoid) in [BP,]. In general H(X, Y) isnotclosed in H(X) in the topology
of uniform convergence with respect to any metric for X . Hence the following
lemma does not follow immediately from [ BP, , Chapter IV, Proposition 2.2].
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1.1. Lemma. Let X be complete-metrizable and Y C X. Then for any two
strong (f.d.) cap sets M and N for (X,Y) and any open cover % of X,
there is a homeomorphism h: (X, M,Y) — (X, N,Y) which is 7% -close to
id.

Proof. A proof can be given following the same procedure as in [ Ch, , Lemma
4.3] and will be omitted.

Let (M, N) be a pair of subsets of a space X. We call (M, N) a (cap,
fd. cap)-pair for X if M =J;., M,, where M, C M, C --- is a tower of
compact Q-manifolds satisfying (*) above and the followmg

(*+) Each M, isa Z-set for M, , and each M, N N is an fd. cap set for
M

i
Remark. It follows that N is an f.d. cap set for X .

1.2. Lemma. Let (M, N) be a (cap, f.d. cap)-pair fora Q- (or s-)manifold X .
Then M is a strong cap set for (X, N).

Proof. Write M =,y M, as in the definition of (cap, f.d. cap)-pair. Let %
be an open cover of X and 4 a compact Z-setin X . From (x), there is an
n > m and an embedding f: A — M, such that fl[4ANM, = id and f is
# -homotopic to id. By [Ch,, Lemma 5.4, Theorems 6.7 and 6.6],

L=(M, nN)\fAnM,)

n+l

and

L'=((M,, NN\ f(A)USANN)\ f(ANM,)

are f.d. cap sets for M, , \ f(ANn M,). Let Z7 be an open cover of

M, \f(ANM,) suchthat 77 < % and 7" is normal relative to f(ANM,,).
By [Ch,, Theorem 6.2], we have a homeomorphism of pair

g (M, \SANM,), L) = (M, \f(ANM,), L)

which is 7 -homotopic to id. Then g’ extends to a homeomorphism g: M, .,
— M, , with g|f(AnM,)=id, and g is Z-homotopic to id. Observe that
gf(ANN)C N and gf(A\N)C M, ,\ N;thatis, gf(4)NN =gf(ANN).
Since gf: A — X is a Z-embedding which is st #-homotopic to id, gf
extends to a homeomorphism 4: X — X which is st % -isotopic to id by the
Homeomorphism Extension Theorem [AC]. By [Ch,, Lemma 5.4], N\ h(4)
and A(N\ A) = h(N)\ h(A) are f.d. cap set for X \ h(A4). Similarly, there is a
homeomorphism k: X — X such that k|h(4) =id, kh(N\ A) = N\h(A4) and
k is % -close to id. Since h(ANN) = h(A)N N, we have kh(N) = N. Thus
we have a homeomorphism kh: X — X such that kh(N)= N, kh|A nM
gflANM, =id, kh(A4) = gf(4) C g(M,) C M, and kh is st %- close to
id. O

For any countable locally finite simplicial complex K, |K| x Q is a Q-
manifold and |K| x s is an s-manifold [We]. As easily observed, (X, ) is
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a (cap, fd. cap)-pair for both Q and s. It is straightforward to verify the
following:

1.3. Lemma. For any countable locally finite simplicial complex K, (|K| x
2, |K|x o) isa (cap, fd. cap)-pair for both |K|x Q and |K|xs.

It is also easy to verify that various versions of (X, ¢) mentioned in the
introduction are (cap, f.d. cap)-pairs. The following is rather useful in the
proof of our characterization.

1.4. Lemma. Let (M, N) be a (cap, f.d. cap)-pair for a Q- (or s-) manifold
X and U an open setin X. Then (MNU, NNU) isa (cap, fd. cap)-pair
for U.

Proof. Let M = |, M, be as in the definition and for each n € N, let
A, ={x e Uld(x, X\ U) < 1/n}. Without loss of generality, we may assume
that M, N4, # . By [Ch,], M,nU = |K| x Q for some countable locally
finite simplical complex K . Hence, |K| x ¢ is an f.d. cap set for |K|x Q. On
the other hand, M, N NN U is an f.d. cap set for M, nU by [Ch,, Lemma
5.4]. By [Ch,, Theorem 6.2], we have a homeomorphism

h:  MnU,M,nNnU)— (K| xQ, |K|x0).

Since M| N A, is compact, h(M, N A4,) C |L| x Q for some finite subcomplex
L of K. Let M| = h™"(IL| x Q). Then M is a compact Q-manifold with
M NA, c M c M,nU and M{NNNU =h""(|L| x 6) an f.d. cap set.
Using this process inductively, we obtain compact Q-manifolds M;n , €N,
such that M, ,U(M,NA4,)C M, CM,NnU and M, NNNU isan f.d. cap
set for M, . Then MNU =J,.y M, satisfies (x) and (xx) relative U and
NNnU. O

A subset M of a space X said to be map-dense in X if for each compact set
A in X and each ¢ >0, there isamap f: A — M such that d(f,id) <e.

1.5. Lemma. Let (M, N) be a pair of subsets of a space X such that M is an
ANR. Then (M, N) is a (cap, fd. cap)-pair for X if and only if M is map-
dense in X and M =J, .y M, , where M, "M, C --- is a tower of compact
Q-manifolds satisfying (xx) and the following:

(x)' For each compact set A in M, each ¢ > 0 and each m € N, there is
an n>m andamap f:A— M, with d(f,id)<e, and f(ANM,)C M, .
Proof. The “only if” part is trivial. By [ Sa, , Proposition 2.1] (cf. [Sa,, Lemma
1]), we can verify that {M} _\ satisfies (+). O

Since a cap set for a Q- (or s-)manifold is a X-manifold, we have the fol-
lowing.

1.6. Corollary. Let (M, N) be a (cap, f.d. cap)-pair for a Q- (orS-) manifold
X . Then for any homeomorphism f: M — M of M onto itselfand M C Y C
X, (M, f(N)) isa (cap, fd. cap)-pair for Y .
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2. CHARACTERIZATION OF (Q, X, d)- (OR (s, ¥, 0)-)MANIFOLD TRIPLES

Here we give a characterization of (Q, X, o)- (or (s, X, g)-)manifolds.

2.1. Theorem. Let X be a Q- (or s-)manifold and N C M C X. Then the
following are equivalent:
(i) (X,M,N) isa (Q,X,0)- (or (s, X, g)-) manifold triple ;

(i) (M, N) isa (cap, f.d. cap)-pair for X,

(iii) M is a strong cap set for (X, N) and N isan fd. cap set for X .
Proof. The implication (ii) = (iii) is Lemma 1.2 and (iii) = (ii) follows from
Lemmas 1.3, 1.2 and 1.1. We shall prove the equivalence of (i) and (ii).

(i) = (i): Each x € X has an open neighborhood U with an open em-
bedding g: U — Q (or g: U — s). By Lemma 1.4, (M NnU, NnU) and
(Eng(U), ang(U)) are (cap, f.d. cap)-pairs for U and g(U), respectively.
Then by Lemmas 1.2 and 1.1, there is a homeomorphism

¢: (U, MnU,NnU)— (g(U), Zng(U), o ng(U)).
Therefore (X, M, N) isa (Q, X, 0)- (or (s, £, o)-)manifold triple.

(i) = (ii): By [Ch,] X = |K]| x Q (or |K]| x s) for some countable locally
finite simplicial complex K . Since (|K|xZX, |K|x0) is a (cap, f.d. cap)-pair for
|K|x Q (or |K|xs) by Lemma 1.3, we have a (cap, f.d. cap)-pair (M', N') for
X . From the definition of manifold triples and Lemma 1.4, X has a countable
star-finite open cover % such that for each U e %, (MNU,NNU) is a
(cap, f.d. cap)-pair for U. By [AHW ] there is an ordering {U,},.y of Z and
a sequence n, < n, < --- in N such that for any f, € H(X), i € N, with
fIX\U, =1id, {f,0-- 0 f},cn converges pointwise to an f € H(X) with
NU; = f, -0 f,|U;. Note that (M'nU,, N'nU,) is a (cap, f.d. cap)-pair
for U, by Lemma 1.4. Using Lemmas 1.2 and 1.1, we have a homeomorphism

h,: (UI,M ﬂUl,N nNU)— U, ,MnU,NnU))
which can be extended to an f; € H(X) by fi| X\U, =id. Then fI(M')ﬁUl =
[(MNf,(U) = f,(M'nU,) = MNU, . Similarly we have f,(N')nU, = NnU, .
Since (fl(M') nu,, fl(N') N U,) is a (cap, f.d. cap)-pair for U,, we have a
homeomorphism
hy: (Uy, (M)NUy, f(N)NU,) = (Uy,, MNU,, NnU,)
which can be extended to an f, € H(X) by f,] X\ U, =id. Since f,f,(M")N
U,=MnU, and
LM n(U\U = L((fi(M ﬁU )\ U,)
=HLMNU)\U,))=MnU\U,)
LA(M)Yn (U uU,) = M0 (U, uU,). Similarly £,f{(N)n (U UU,) =
NN (U, U U ,). By induction, we can construct f; € H(X), i € N, such that
f1X\U, = id
fio o fi(M)N(UU---uU)=Mn (U U---ul,)

1
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and
fio- o ff(NYN(U,U---UU)=Nn(U,U---UU,).

We also note that fo---o f{(U,U---UU,)U U---UU,. Let f e H(X) be the
limit of {f;o---0 f/},.n- Then f(M'y=M and f(N')= N. In fact, for any
xeMnU,
f(x)=f, 00 f, (X)E€f, 0o f (M)N(U, U---UU,)C M
and for y = f(x) e M N f(U,),
y:f;'lo...of;ll(x)eMn‘f;l‘o...of;ll(UnlU...UUn)
=Mr1(Un1U-~~UUn)
=f, o of, (M N(U, u---UU,))
c (M.
Hence f(M')= M . Similarly f(N') c N. Therefore
(X, M ,N)=(X,M,N),
which implies that (M, N) is a (cap, f.d. cap)-pair for X. 0O

We can apply Theorem 2.1 to verify that various triples mentioned in the In-
troduction are homeomorphicto (Q, X, o) or (s, X, g). Combining Theorem
2.1 with Lemma 1.1, we have the following

2.2. Classification Theorem. Let (X, M, N) and (X', M', N') be (Q, Z, o)-
(or (s, X, o)-)manifold triples. Then (X, M, N)= (X', M', N') if and only
if X = X'. Moreover each homeomorphism f: X — X' is approximated by
homeomorphisms h: X — X such that h(M)= M' and h(N)=N'.

The following follows from the Stability Theorem for Q- (or s-)manifolds
[AS] and Theorem 2.2.

2.3. Stability Theorem. Let (X, M, N) bea (Q, X, g)- (or (s, X, g)-)mani-
fold triple. Then the projection p: X x Q — X (or p: X x s — X) is approx-
imated by homeomorphisms h: X x Q — X (or h: X xs — X) such that
h(MxX)=M and h(N xag)=N.

By Lemma 1.3, Theorems 2.1 and 2.2, the Triangulation Theorem for Q- (or
s-)manifolds [ Ch, ] yields the following.

2.4. Triangulation Theorem. For any (Q, X, o)- (or (s, X, ¢)-)manifold triple
(X, M, N), there is a countable locally finite simplical complex K such that

(X,M,N)=(K|xQ,|K|xZ,|K|xa) (or(K|xs,|K|xZXZ, |K|xa)).

Lemma 1.4, Theorems 2.1 and 2.2 and the Open Embedding Theorem for
s-manifolds [ He ] yield the following.
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2.5. Open Embedding Theorem. For any (s, X, g)-manifold (X, M, N), there
is an open embedding g: X — s such that g(M) = g(X)NZX and g(N) =
gX)no.

In the (s, X, o)-manifold case, we have the following version of Theorem
2.2 since two s-manifolds having the same homotopy type are homeomorphic
[He].

2.6. Classification Theorem I. Let (X, M, N) and (X', M', N') be (s, X, 0)-
manifold triple. Then (X, M, N)= (X', M, N') ifand only if X = X' or
M=M of N>N'.

3. (X, 0)-MANIFOLD PAIRS AND X X §-MANIFOLDS

In [BM], Bestvina and Mogilski gave a characterization of X x s-manifolds
and established the Stability, Triangulation, Open Embedding Theorems, etc.
In particular, they proved that X x s = s7, where s}" = {(x,) € s“Ix;, =
0 except for finitely many i} . Note that

IXSZToXQOXS=0 xS,

The following can be shown by using the characterization of Z xs [BM, Corol-
lary 6.3}, but we give here a different proof using Theorems 2.1 and 2.2.
3.1. Theorem. X\ o =X xs.
Proof. Note (I“,I}) = (Q, 0). It is easy to see that (I xQ, I/ xa) is a
(cap, f.d. cap)-pair for I x Q. By Theorems 2.1 and 2.2,

(I“xQ, I/ xQ,If x0)=(Q, X, 0).
Since Q\ ¢ =5 [An,, Theorem 5.3] (cf. [ Ch,, Corollary 8.3]), we have

INo=(I/xQ\U/ x0)=Ix(Q\o)=Zoxs=ITxs. 0O

We have the following relationship between (X, ¢)-manifolds and Z x s-

manifolds.

3.2. Corollary. (1) For any (X, o)-manifold pair (M, N), M\ N isa £ xs-
manifold. (2) Each X xs-manifold is homeomorphic to M\ N for some (X, o)-
manifold pair (M, N).

Proof. Clearly Theorem 3.1 implies (1), and (2) follows from the Triangulation
Theorem for X x s-manifolds [BM, Theorem 3.1 and Lemma 1.3]. O

We next establish the following lemma which is needed in the proof of The-
orem 3.4.
3.3. Lemma. Let (M, N) be a (I, o)-manifold pair and (M', n') a (cap, fd.
cap )-pair for an s-manifold. If M = M’ then (M, N)= (M', N').
Proof. We may assume M = M'. There is a countable star-finite open cover
% = {U},cx of M and open embeddings ¢,: U, — X, i € N, such that
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¢,(UNN)=¢,U)Nno. By [AHW, Theorem 2] there is a sequence n, < n, <

. in N such that f; € H(M), satisfying f||M\U, =id; then {fo---0f },cn
converges pointwise to f € H(M) with f|U, = f" o "‘°fn,|Ui'

Let 7~ be an open cover of U, such that st® 7 is normal relative to M \U,.
For each V € 77, let V¥ and V° be open sets in X and s respectively
such that ¥* N M =V and V°'NZ = ¢,(V). Let ¥ = (¥*|V € 7},
7 ={(V'\WVe7}, U =UZ”* and U = U?”. Then U'nM = U,,
U'nN'=UNN', UnZ=¢,(U,) and U Nna = ¢,(U,NN). By Lemma
1.4, (U,,U/n N') and (#¢,(U,), ¢,(U,NN)) are (cap, f.d. cap)-pair for U,X
and U, respectively. Since the inclusions i: U, C UlX and j: ¢,(U,) C U] are

fine homotopy equivalences, there are maps f: U,X — U, and g: Uf - ¢,(U))
7 x $,(7) 7
such that fi~id,if ~ id, gj =~ id and jg ~ id. Then

.= ) 7 7

(iod, og)(jog,of)~iof ~id
and

) | ¢(7) 7

(Jog,of)(iod, og) =~ jog ~id.

Note that (jog,of)" ' (7°) = f~'(?) and ¥ <st f7'(#"). Hence st 7* <
s’ (jod, 0 f) (Z°)=(jog,0f) (st 7). Thus jog of: Ul - U isa
st? 7°°-homotopy equivalence, which is st* 7*-close to a homeomorphism by
[ Fe, Theorem 3.4]. By Theorems 1.2 and 2.2, we have a homeomorphism

hy: (U, Uy, Uyn N = (U, ¢,(U)), 6,(U, N N))
which is st® Z-close to jod,of. Since AU, is st® é,(7")-close to ¢, fi,
¢ 'h|U,: (U, U,nN)— (U, U nN)

is st® 7 -close to fi, hence st” 7 -close to id. Since st® 7" is normal relative
o M\ Uy, ¢; 'h,|U, extends to a f, € H(M) with f,|M \ U, = id and
fi(N N U = NnU,. By Corollary 1.6 and Theorem 1.2, (X, M fi(N)) is
an (s, Z, a)-mamfold triple. By the same procedure, we have a f2 € HM)
with /M \ U, =id and f,f,(N)NnU, = N'NnU,. Similar to the implication
(i) = (ii) in Thoerem 2.1, f,/,(N')n(U,uU,) = NN (U, uU,). By induction
we obtain, for each i € N, an f; € H(M), such that f|M \ U, =id and

fio o f(N)N(U,U---UU)=NN(U,U---uU).

Let f € H(M) be the limit of {fo---0 f;},.x. Then f(N') = N. Therefore
(M',N"y=(M,N). o

Since each X-manifold M is homeomorphic to |K| x £ for some countable
locally finite simplicial complex K , we have the theorem which followed from
Lemmas 3.1 (using Theorem 2.1) and Lemma 3.3.
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3.4. Theorem. Each (X, o)-manifold pair can be embedded as a ( cap, f.d. cap )-
pair for an s-manifold and also for a Q-manifold.

Thus we have the (X, g)-manifold pair versions for Theorems 2.2-2.6. We
now give a characterization of (X, ¢)-manifold pairs:

3.5. Theorem. Let (M, N) be a pair of spaces. (M, N) isa (X, o)-manifold
pair if and only if M isan ANR and M =J, .M, , where M, C M, C ---
is a tower of compact Q-manifolds satisfying (x)' and (xx).

Proof. The “only if” part is a direct consequence of Theorem 3.4 and Lemma
1.5. We need to show the “if” part. By [ CDM, Proposition 2.2] and [Mo], M
is a X-manifold. Since M can be embedded as a cap set for an s-manifold

[Ch,], (M, N) isa (X, o)-manifold pair by Lemma 1.5 and Theorem 2.1. O

By Lemma 1.5, Theorems 2.1 and 3.5, we state another characterization of
(Q, Z, g)- (or (s, Z, g)-)manifold triples:

3.6. Theorem. Let X be a Q- (or s-)manifold and N ¢ M C X. Then
(X,M,N)isa (Q,ZXZ,0) (or (s, Z, g)-)manifold triple ifand only if (M, N)
is a (X, o)-manifold pair and M or N is map-dense in X .

In other words, this theorem asserts that (X, M, N) isa (@, X, o)- (or
(s, X, o)-manifold triple if and only if (X, M) isa (Q, X)- (or (s, gE)-)mani-
fold pair (or (X, N) isa (Q, g)- (or (s, g)-) manifold pair) and (M, N) is
a (X, g)-manifold pair.

3.7. Problem. (i) If M is a X-manifold and N is a o-manifold such that
N CM and M\ N isa X x s-manifold, then is (M, N) a (X, o)-manifold
pair? (ii) If M isa cap set and N is an f.d. cap set for a Q- (or (s-)manifold
X such that N C M and M\ N is a X x s-manifold, thenis (X, M, N) a
(Q, X, 0)- (or (s, Z, g)-)manifold triple?
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